In health-related experiments, treatment effects can be identified using paired data that consist of pre-and post-treatment measurements. In this framework, sequential testing strategies are widely accepted statistical tools in practice. Since performances of parametric sequential testing procedures vitally depend on the validity of the parametric assumptions regarding underlying data distributions, we focus on distribution-free mechanisms for sequentially evaluating treatment effects. In fixed sample size designs, the density-based empirical likelihood (DBEL) methods provide powerful nonparametric approximations to optimal Neyman-Pearson type statistics. In this article, we extend the DBEL methodology to develop a novel sequential DBEL testing procedure for detecting treatment effects based on paired data. The asymptotic consistency of the proposed test is shown. An extensive Monte Carlo study confirms that the proposed test outperforms the conventional sequential Wilcoxon signed-rank test across a variety of alternatives. The excellent applicability of the proposed method is exemplified using the ventilator-associated pneumonia study that evaluates the effect of Chlorhexidine Gluconate treatment in reducing oral colonization by pathogens in ventilated patients.
INTRODUCTION
In health-related studies, in order to test for treatment effects oftentimes investigators sequentially collect paired data that consist of pre-and post-treatment measurements.
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Commonly, to implement sequential statistical procedures, parametric assumptions regarding the underlying data distribution are stated. Performances of parametric sequential testing procedures strongly depend on the assessment of the parametric assumptions of data distributions. Retrospective studies are generally based on already collected datasets or combining existing pieces of data. 9 In contrast with the analysis of data obtained retrospectively,
we have the following problems related to sequential analysis. First, it is difficult to specify the parametric distribution form of the underlying data before data points are observed. Second, even if we have strong reasons to assume the parametric form of the data distribution, it will be extremely difficult, for example, to test the corresponding parametric assumptions after the execution of sequential procedures. Since sequential tests are assumed to be based on random number of observations, data obtained after sequential analyses cannot be evaluated for goodness-of-fit using the conventional retrospective tests. 10 Toward this end, in this article we focus on an efficient nonparametric sequential approach.
The modern theory of sequential analysis originates from the researches of Barnard 11 and Wald 12 . In particular, the method of the sequential probability ratio test (SPRT) has been the predominant influence of the subsequent developments in the area. Note that since analytical forms of underlying data distributions are not completely specified, one cannot employ the most powerful SPRT testing strategy via the Neyman-Pearson concept. 13 As an alternative, Miller 14 proposed a nonparametric sequential signed-rank test (SSRT), employing a Wilcoxon type test statistic. Wilcoxon type tests are commonly used to detect treatment effects based on paired data in fixed sample size designs. [15] [16] [17] In accordance with the repeated significance test, 18 the
Miller's approach fixes the total number of data points to be N and consists of a series of independent observations. The SSRT is performed after each data point, and stops either when 4 the maximum sample size is N or the test statistic rejects the null hypothesis. In the settings of the SSRT, we introduce a simple sequential test with high and stable power for detecting treatment effects over a broad spectrum of alternatives based on paired data. Oppegaard et al. 1 recently applied a two-sample sequential Wilcoxon test in order to evaluate the difference in preoperative cervical dilation before hysteroscopy between postmenopausal women who receive vaginal misoprostol and postmenopausal women who receive vaginal placebo.
In this article, we present a novel nonparametric sequential testing procedure based on paired data, employing the data-driven likelihood ratio principle. The proposed method uses a nonparametric testing strategy that approximates corresponding optimal parametric NeymanPearson type statistics. The density-based empirical likelihood (EL) approach 19,20 is modified and extended to be applied in the sequential setting. The proposed technique can be employed in the context of a single-arm trial, when a sample of individuals with the specified medical condition is given the study therapy and then followed over time to measure their outcomes.
The statistical literature has shown that the EL methodology is a very powerful inference tool in various nonparametric settings. [21] [22] [23] [24] The conventional EL concept is outlined in Section 2.3. To the best of our knowledge, the conventional EL concept and the density-based empirical likelihood (DBEL) methodology have not been extensively studied in the statistical sequential literature. The proposed method is distribution-free, robust to underlying model settings and highly efficient. We evaluate the performance of the new sequential DBEL method and the SSRT tests in terms of the statistical power and the average sample number (ASN). The ASN, by definition, means the expected value of the sample size for making decisions. The proposed test demonstrates significantly higher power and smaller ASN than those of the SSRT test across a variety of alternatives treated in an extensive MC study. In this article, we establish the 5 asymptotic consistency of the proposed test. It is clear that in general nonparametric settings there are no most powerful statistical mechanisms. Thus, it is very important to consider various reasonable and efficient distribution-free schemes in the framework of sequential analysis.
This article is organized as follows. Section 2 outlines the classical SSRT test and introduces the proposed method. The development of the new test statistic is presented and its asymptotic properties are derived. In Section 3, an extensive MC study is conducted to evaluate the proposed method. In Section 4, the applicability of the proposed method is illustrated via a clinical trial study related to VAP. In this study, we detect treatment effect of CHX in ventilated patients by using the proposed method, while the SSRT test fails to show the corresponding statistical significance. In Section 5, we provide concluding remarks. The online supplementary material consists of the proof of the theoretical results presented in this article, the R-codes to implement the proposed method and the scatterplot that depicts the data considered in Section 4.
SEQUENTIAL TESTING METHODS

Hypothesis Setting
In this section, we formalize the statement of the problem, describe the conventional methodology and introduce the novel approach. Let ( ) 
where ( ) ( )
Sequential Signed-rank Test for Treatment Effect based on Paired Data
In this section, we outline the commonly used SSRT test for hypothesis (2.1) in practice. 14 
Sequential Density-based Empirical Likelihood Ratio Test based on Paired Data
In this section, we develop the DBEL based method for sequentially detecting treatment effects.
We begin with considerations related to a retrospective statement of the testing problem, i.e. the sample size is fixed to be n. 
. 
where λ is the Lagrange multiplier. Then it is clear that the equation
This implies that the empirical maximum likelihood approximation to the likelihood Note that the test statistic (2.5) has a structure similar to those of statistics based on sample entropy that are known to have asymptotic optimal properties. Since the stopping rule 1 τ is based on the statistic n V which approximates the optimal parametric LR, the proposed test procedure can be anticipated to be very efficient. This is empirically confirmed in Sections 3 and 4.
The following proposition demonstrates the consistency of the proposed test.
where n V is defined by (2.6) and
Proof. The proof of this proposition is outlined in Appendix A.
The Type I error probability related to the proposed test procedure (2.7) is
Pr max log .
then Proposition 1 provides that
Pr max log 0 
Null distribution of
where ( ) Pr max log Pr max log
Then it is clear that the proposed procedure (2.7) is exact. Let Table 1 . 
MONTE CARLO STUDY
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To evaluate the performance of the new testing strategy as compared to the classical SSRT procedure, we carried out an extensive MC study. We examined the ASN and the corresponding statistical powers of the considered procedures. Critical values of the tests were set at the 5% level of significance and the MC experiments were repeated 10,000 times in each scenario based on N=25, 50 and 75, respectively. According to the statistical literature, 30,37 we used the alternatives in the MC study following the scenarios: (1) constant shifts in location, e.g., respectively. In Scenario (4), the proposed testing procedure has better performance in terms of the statistical power and the ASN than the SSRT in most of the considered cases.
Thus, compared to the SSRT, the sequential DBEL test procedure shows higher power and relatively smaller ASNs in many cases of the considered alternatives. 
APPLICATION TO THE VENTILATOR-ASSOCIATED PNEUMONIA (VAP) STUDY
The VAP data were produced in the course of an institutional study at the State University of New York at Buffalo, in which oral treatments were compared to investigate their effects on infection of patients' respiratory system in an ICU. The pathogenesis of pneumonia, including VAP, involves aspiration of bacteria from the oropharynx into the lung, and subsequent failure of host defenses to clear the bacteria resulting in development of lung infection. The major potential respiratory bacterial pathogens (PRPs) include Staphylococcus aureus, Pseudomonas aeruginosa, Acinetobacter sps. and enteric species. Prior biomedical studies have found the association between strains from bronchocopic cultures isolated at the time pneumonia was suspected and dental plaque/mucosa that is often colonized by PRPs. 39,40 Thus, improving oral hygiene in MV-ICU patients and reducing dental plaque load on teeth has the potential to reduce the risk of VAP.
The trial sequentially enrolled and examined 83 patients who were admitted to a trauma ICU of 40 We examine that the proposed sequential DBEL testing scheme and the conventional SSRT procedure can detect the treatment effect in a more efficient manner, in a sense that the sequential methods will provide significant testing results based on less than the total sample size of 83.
In accordance with Section 2, we use the MC method to compute 95% critical values 2.676 and 5.166 for the SSRT and the proposed method, respectively, using N=83. The proposed sequential DBEL method rejected the null hypothesis that there is no difference between pre-and post-measurements based on 50 observations. However, the SSRT failed to reject the null hypothesis using the total 83 observations.
In order to evaluate the robustness of the proposed approach, we conducted the following bootstrap-type analyses. The strategy is that a sample with size N (<83) was randomly selected from the 83 paired data points to calculate the stopping numbers based on the sample using the proposed method and the SSRT. We repeated this strategy 5,000 times calculating the ASNs and the frequencies that the proposed method and the SSRT reject the null hypothesis. Table 3 presents these results for the different maximum sample sizes of N=15, 25, 35, 50, 65, and 75. In this Bootstrap-type study, we notice that 1) the proposed method has substantially higher rejections rates of a false null hypothesis than those of the SSRT; 2) the proposed method consistently generates smaller ASNs than those of the SSRT, resulting in significant savings in sample sizes. 
CONCLUSIONS
We have developed a new nonparametric sequential technique for detecting treatment effects based on paired data. The proposed method employs the density-based EL methodology that approximates the optimal likelihood ratio statistic in a distribution-free fashion. In the real world study, the new test clearly outperforms the conventional SSRT. To the best of our knowledge, perhaps, this article presents a research that belongs to a first cohort of studies related to applications of the EL techniques in sequential manners. The method developed in this article can be extended to construct various nonparametric group sequential approaches. For example, for a fixed integer k , the stopping rule (2.7) can be modified to be based on statistic
Further empirical and theoretical studies are needed to evaluate the proposed approach in this framework.
It is clear that in the distribution-free setting considered in this article, there are no most powerful statistical procedures. Therefore it is very important to consider and evaluate 18 reasonably developed decision making policies in the context of detecting treatment effects in practice.
APPENDIX A. PROOF OF PROPOSITION 1
The proof of Proposition 1 is relatively complicated, since, in general, we need to evaluate properties of the statistic ( ) 
of the corresponding joint probabilities.
SUPPLEMENTARY MATERIALS
Detailed proof of the proposition presented in Section 2, the R codes implementing the proposed method, the additional MC results are available in the supplementary materials and the scatterplot that illustrates the data considered in Section 4.
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Proof.
It is clear that the deterministic term ( ) ( ) 1 / 2 m n + in the definition of n V quickly vanishes to zero. We simplify the explanation of the proof and represent n V in the form of (1)
Here we should note that the simple inequality
/2 1 1 exp log 2/ 1 1 max log min 2 / max log min 2 / n n jm jm a n m b n a n m n n N n j j m n m n 
In a similar manner to that shown above, we have 
By virtue of (4) and (5), we have 
Define 4 β , satisfying 
The result of Dvoretzky, Kiefer, and Wolfowitz 1, P.60 provides , (9) as ∞ → N . By virtue of (8) and (9), we have 
By virtue of (12) and (13), we have 
Applying the results (6), (10) and (14) to the Inequalities (1) and (2), we obtain 
Using the results of (15) and (16), we complete the proof. 
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